A typical high-energy neutrino beam is made from the decay of π mesons that have been produced in proton interactions on a target, as sketched in the figure below.
Solution
In this solution we use units where c = 1.
1. Besides the ν µ from the decay π + → µ + ν µ , the beam will also containν ν and ν e from the subsequent decay µ + → e + ν eνµ . Both of these decays occur (primarily) in the "decay pipe" shown in the figure. As both the pions and muons of relevance are relativistic in this problem, they both have about the same amount of time to decay before they are absorbed in the "dump". Hence, the ratio of number of muon decays to pion decays is roughly the same as the ration of there lifetimes, i.e., about 0.01. Our simple estimate is therefore,
Experts may note that an additional source of ν e is the decay π + → e + ν e at the level of 10 −4 . Also, K + mesons will be produced by the primary proton interaction at a rate about 10% that of π + . About 65% of K + decays are to µ + ν µ , which add to the main ν µ beam, but about 5% of the decays are to π + π 0 ν e , which increases the ν e component of the neutrino beam by about 0.1 × 0.05 = 0.005.
2. Parts 2-6 of this problem are based on the kinematics of charged pion decay, which are closely related to kinematic features of neutral pion decay, π 0 → γγ [1] .
Experts may guess that the characteristic angle of the decay neutrinos with respect to the parent pion is θ C = 1/γ π = m π /E π . The details of the derivation are needed in part 3.
We consider the decay π → µν in the rest frame of the pion (in which quantities will be labeled with the superscript ) and transform the results to the lab frame.
Energy-momentum conservation can be written as the 4-vector relation,
where the squares of the 4-vectors are the particle masses,
µ and ν 2 = 0. As we are not concerned with details of the muon, it is convenient to rewrite eq. (2) as
and square this to find m
In the rest frame of the pion, its 4-vector can be written
Taking the z axis to be the direction of the pion in the lab frame, the 4-vector of the (massless) neutrino in the pion rest frame can be written as
since the energy and momentum of a massless particle are equal. The 4-vector product
Hence, from eq. (4) the energy of the neutrino in the pion rest frame is
using the stated facts.
We can now transform the neutrino 4-vector (6) to the lab frame, using the Lorentz boost
The pion has spin zero, so the decay is isotropic in the pion rest frame. A relation for the angle θ between the neutrino and its parent pion can be obtained from the 1 and 3 components of eq. (9),
The characteristic angle of the decay in the lab frame is usefully associated with decays at θ = 90
• in the pion rest frame. Thus,
When E π m π then γ π 1, β π ≈ 1, and
3. We now consider the lab angle (10) between the neutrino and its parent pion with emphasis on the neutrino energy rather than the pion energy. If E ν m π , then E π m π also, so γ π 1 and β π ≈ 1. Then we can write
using the time component of eq. (9). Since sin θ cannot exceed unity, we see that there is a maximum lab angle θ relative to the direction of the pion at which a neutrino of energy E ν can appear, namely
which is small for m π E ν .
If instead, the angle θ is given, eq. (13) also tells us that
6. For an off-axis neutrino beam (at a nonzero value of angle θ) we must evaluate the spectrum (25) using relations (18) and (21). This is readily done numerically. For example, a plot of the pion energy E π needed to produce a neutrino of energy E ν at various angles θ is shown below. As expected from part 3, we see that for a given angle θ, there is a maximum possible neutrino energy, and as the neutrino energy approaches this value, a large range of pion energies contributes to a small range of neutrino energies. This will result in an enhancement of the neutrino spectrum. If we desire the enhancement at a particular neutrino energy, we should look for the neutrinos close to the angle θ max given in eq. (14), which is independent of the proton/pion energy.
A numerical evaluation of the neutrino spectrum (25) for several values of angle θ with respect to the proton/pion beam is shown below.
